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Abstract 

The assumption that space-time is a noncommutative space formed as a product of a continuous 
four dimensional manifold times a finite space predicts, almost uniquely, the Standard Model 
with all its fermions, gauge fields, Higgs field and their representations. A strong restriction on the 
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noncommutative space results from the first order condition which came from the requirement that 
the Dirac operator is a differential operator of order one. Without this restriction, invariance under 
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inner automorphisms requires the inner fluctuations of the Dirac operator to contain a quadratic 



piece expressed in terms of the linear part. We apply the classification of product noncommutative 
spaces without the first order condition and show that this leads immediately to a Pati-Salam 
^- SU(2)r x SU(2)l x SU(4) type model which unifies leptons and quarks in four colors. Besides the 

gauge fields, there are 16 fermions in the (2, 2, 4) representation, fundamental Higgs fields in the 
(2,2,1), (2,1,4) and (1,1,1 + 15) representations. Interestingly we encounter a new phenomena 
where the Higgs fields in the high energy sector are composite and depend quadratically on the 
fundamental Higgs fields. The Pati-Salam symmetries are broken spontaneously at high energies 
to those of the Standard Model. 
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I. INTRODUCTION 

Noncommutative geometry was shown to provide a promising framework for unification of 
all fundamental interactions including gravity [3J, [5J, |Bj, [12], [ID]- Historically, the search 
to identify the structure of the noncommutative space followed the bottom-up approach 
where the known spectrum of the fermionic particles was used to determine the geometric 
data that defines the space. This bottom-up approach involved an interesting interplay with 
experiments. While at first the experimental evidence of neutrino oscillations contradicted 
the first attempt [6j, it was realized several years later in 2006 ([12]) that the obstruction 
to get neutrino oscillations was naturally eliminated by dropping the equality between the 
metric dimension of space-time (which is equal to 4 as far as we know) and its i-TO-dimension 
which is only defined modulo 8. When the latter is set equal to 2 modulo 8 [2], [I] (using the 
freedom to adjust the geometry of the finite space encoding the fine structure of space-time) 
everything works fine, the neutrino oscillations are there as well as the see-saw mechanism 
which appears for free as an unexpected bonus. Incidentally, this also solved the fermionic 
doubling problem by allowing a simultaneous Weyl- Major ana condition on the fermions to 
halve the degrees of freedom. 

The second interplay with experiments occurred a bit later when it became clear that 
the mass of the Brout-Englert-Higgs boson would not comply with the restriction (that 
ran ti 170 Gev) imposed by the validity of the Standard Model up to the unification scale. 
This obstruction to lower m# was overcome in [11] simply by taking into account a scalar 
field which was already present in the full model which we had computed previously in [10]. 
One lesson which we learned on that occasion is that we have to take all the fields of the 
noncommutative spectral model seriously, without making assumptions not backed up by 
valid analysis, especially because of the almost uniqueness of the Standard Model (SM) in 
the noncommutative setting. 

The SM continues to conform to all experimental data. The question remains whether 
this model will continue to hold at much higher energies, or whether there is a unified 
theory whose low-energy limit is the SM. One indication that there must be a new higher 
scale that effects the low energy sector is the small mass of the neutrinos which is explained 
through the see-saw mechanism with a Majorana mass of at least of the order of 10 11 Gev. In 
addition and as noted above, a scalar field which acquires a vev generating that mass scale 



can stabilize the Higgs coupling and prevent it from becoming negative at higher energies 
and thus make it consistent with the low Higgs mass of 126 Gev [TT]. Another indication 
of the need to modify the SM at high energies is the failure (by few percent) of the three 
gauge couplings to be unified at some high scale which indicates that it may be necessary 
to add other matter couplings to change the slopes of the running of the RG equations. 

This leads us to address the issue of the breaking from the natural algebra A which 
results from the classification of irreducible finite geometries of i^O-dimension 6 (modulo 
8) performed in [S], to the algebra corresponding to the SM. This breaking was effected in 
[H], [H] using the requirement of the first order condition on the Dirac operator. The first 
order condition is the requirement that the Dirac operator is a derivation of the algebra A 
into the commutant of A = JAJ^ 1 where J is the charge conjugation operator. This in 
turn guarantees the gauge invariance and linearity of the inner fluctuations [7] under the 
action of the gauge group given by the unitaries U = uJuJ' 1 for any unitary u E A. This 
condition was used as a mathematical requirement to select the maximal subalgebra 

C © H © M 3 (C) C M R © M L © M 4 (C) 

which is compatible with the first order condition and is the main reason behind the unique 
selection of the SM. 

The existence of examples of noncommutative spaces where the first order condition is 
not satisfied such as quantum groups and quantum spheres provides a motive to remove this 
condition from the classification of noncommutative spaces compatible with unification p3] , 
[To"] . [TO] , |17j . This study was undertaken in a companion paper [T3] where it was shown 
that in the general case the inner fluctuations of D with respect to inner automorphisms of 
the form U = uJuJ^ 1 are given by 



D A = D + A (1) + A (1) + A (2) 



where 



A {1) = ^2ai[D,bi 

i 

A(i) = ^2&i Id, i 

i 

^(2) = y^ajCij [D, bj] , 6iJ = ^ai |A ( i), h 



CLi = JdiJ , b\ = JbiJ 



Clearly A^) which depends quadratically on the fields in Am vanishes when the first order 
condition is satisfied. 

The plan of this paper is as follows. In section 2 we review the classification of irreducible 
finite geometries (without the first order condition) and show that the resultant algebra is, 
almost uniquely, given by I3r©IHI£ ©M^C). In section 3 we compute the inner fluctuations 
of the Dirac operator on the above algebra and determine the field content. In section 
4 we evaluate the spectral action using a cutoff function and the heat kernel expansion 
method, where we show that the resultant model is the Pati-Salam J2I] SU (2)^ x SU (2) L x 
SU (4) type model with all the appropriate Higgs fields necessary to break the symmetry 
to U (l) cm x SU (3) c . In section 5 we show that this model truncates correctly to the SM. 
In section 6 we analyze the potential and possible symmetry breaking, noting in particular 
the novel feature where some of the Higgs fields are fundamental while others are made of 
quadratic products of the fundamental ones. Section 7 is the appendix where all details of 
the calculation are given and where we illustrate the power and precision of noncommutative 
geometric methods by showing how all the physical fields arise. This is done to the benefit 
of researchers interested in becoming practitioners in the field. 

II. CLASSIFICATION OF FINITE GEOMETRIES WITHOUT FIRST ORDER 
CONDITION 

Some time ago the question of classifying finite noncommutative spaces was carried out 
in [9]. The main restriction came from requiring that spinors which belong to the product of 
the continuous four dimensional space, times the finite space must be such that the conjugate 
spinor is not an independent field, in order to avoid doubling the fermions. This could only 
be achieved when the spinors satisfy both the Majorana and Weyl conditions, which implies 
that the i^O-dimension of the finite space be 6 (mod 8). Consistency with the zeroth order 
condition 

[o,6°] = 0, b° = Jb*J-\Va,beA 

(since A is an involutive algebra this condition is the same if one replaces 6° by b = JbJ^ 1 ) 
restricts the center of the complexified algebra to be Z (Ac) = C © C The dimension of the 
Hilbert space is then restricted to be the square of an integer. The algebra is then of the 



form 

M k (C) © M k (C) . 

A symplectic symmetry imposed on the first algebra forces k to be even k = 2a and the 
algebra to be of quaternionic matrices of the form M a (HI) . The existence of the chirality 
operator breaks M a (HI) and further restricts the integer a to be even, and thus the number 
of fundamental fermions must be of the form 4a 2 where a is an even integer. This shows 
that the first possible realistic case is the finite space with k = 4 to be based on the algebra 

A = W R © M L © M 4 (C) . (1) 

A further restriction arises from the first order condition requiring the commutation of the 
commutator [D, a] where D is the Dirac operator and a G A with elements 6°, b £ A, 

[[D, a] , b°] = 0, a,beA, b° = Jb*J~ 1 

(since A is an involutive algebra this condition is the same if one replaces b° by b = JbJ^ 1 ) 
This condition, together with the requirement that the neutrinos must acquire a Majorana 
mass restricts the above algebra further to the subalgebra 

c © e © M 3 (C) . (2) 

The question is whether the first order condition is an essential requirement for noncommu- 
tative spaces. There are known examples of noncommutative spaces where the first order 
condition is not satisfied such as the quantum group SU (2) ([16], [H]). The main novelty 
of not imposing the first order condition is that the fluctuations of the Dirac operator (gauge 
and Higgs fields) will not be linear anymore and part of it A@) will depend quadratically 
on the fields appearing in ^4(i). In this work we shall study the resulting noncommutative 
space without imposing the first order condition on the Dirac operator. Our starting point, 
however, will be an initial Dirac operator (without fluctuations) satisfying the first order 
condition relative to the subalgebra pi), but inner fluctuations would spoil this property. 

The noncommutative geometric setting provided answers to some of the basic questions 
about the SM, such as the number of fermions in one family, the nature of the gauge sym- 
metries and their fields, the fermionic representations, the Higgs fields as gauge fields along 
discrete directions, the phenomena of spontaneous symmetry breaking as well many other 
explanations [10]. In other words, noncommutative geometry successfully gave a geometric 



setting for the SM. The dynamics of the model was then determined by the spectral action 
principle which is based on the idea that all the geometric invariants of the space can be 
found in the spectrum of the Dirac operator of the associated space. Indeed it was shown 
that the spectral action, which is a function of the Dirac operator, can be computed and 
gives the action of the SM coupled to gravity valid at some high energy scale. When the cou- 
plings appearing in this action are calculated at low energies by running the RG equations 
one finds excellent agreement with all known results to within few percents. 

The first order condition is what restricted a more general gauge symmetry based on the 
algebra B. R ®B. L ®M 4 (C) to the subalgebra C©H©M 3 (C) . It is thus essential to understand 
the physical significance of such a requirement. In what follows we shall examine the more 
general algebra allowed without the first order condition, and shall show that the number of 
fundamental fermions is still dictated to be 16. We determine the inner automorphisms of 
the algebra A and show that the resulting gauge symmetry is a Pati-Salam type left-right 
model 

SU(2) R xSU(2) L x SU(4) 

where SU (4) is the color group with the lepton number as the fourth color. In addition 
we discover a novel phenomena where the Higgs fields appearing in Am are composite and 
depend quadratically on those appearing in A^y The representations of the Higgs fields are 
(2 fl , 2 L , 1) , (2 fl , 1 L , 4) and (l fl , 1 L , 1 + 15) with respect to SU (2) R x SU (2) L x SU (4) . The 
last of which will be absent if the Yukawa coupling of the up quark is equated with that of 
the neutrino and of the down quark equated with that of the electron. In addition the 1 + 15 
of SU (4) decouple if we assume that at unification scale there is exact SU (4) symmetry 
between the quarks and leptons. The resulting model is very similar to the one considered 
by Marshak and Mohapatra |20j . 

III. DIRAC OPERATOR AND INNER FLUCTUATIONS ON U R © H L © M 4 (C) 

When one considers inner fluctuations of the Dirac operator one finds that the gauge 
transformation takes the form 

D A ^UD A U\ U = uJuJ-\ ueU(A) 



which implies that 

A ->■ uAu* +u5(u*). 

This in turn gives 

A {1) -> uA (1) u* + u [D, u*} e £l l D (A) 

a {2) -> ju r x A {2 )Ju* r 1 + Ju r 1 [u [d, u*] , Ju*r x ] 

where the Ar 2 ) i n the right hand side is computed using the gauge transformed Any Thus 
An.) is a one-form and behaves like the usual gauge transformations. On the other hand 
Am transforms non-linearly and includes terms with quadratic dependence on the gauge 
transformations . 

In this work we shall examine the hypothesis that the first order condition on the sub- 
algebra pi) arises as the vacuum solution of the spectral action. In this way the first order 
condition becomes a dynamical requirement instead of being imposed from outside. 

Fortunately, in a previous work a compact tensorial notation was developed to simplify 
the structure of the Dirac operator, its fluctuations and the computation of the spectral 
action. This will come in handy in this case because the quadratic dependence of Ar 2 ) is too 
cumbersome to write otherwise. We shall therefore follow closely the presentation in [TO] 
and use the same notation. 

An element of the Hilbert space \& e 7i is represented by 



*m = , i>A> = i>A = CYC 




where i\) c A is the conjugate spinor to ipA- It is acted on by both the left algebra M 2 (H) and 
the right algebra M 4 (C). Therefore the index A can take 16 values and is represented by 

A = al 

where the index a is acted on by the quaternionic matrices and the index I by the M 4 (C) 
matrices. Moreover, when grading breaks M 2 (H) into Mr © Ml the index a is decomposed 
to a = a, a where a — 1, 2 is acted on by the right quaternionic algebra Mr and a = 1, 2 
is acted on by the left quaternionic algebra Ml . Therefore the various components of the 



spinor ip A are 

/ v R u iR v L u iL 
ipai = 

\e R d iR e L d iL 

= (^al^ai^al,M, a = 1,2, % = 1, 2, 3. 

The Dirac action then takes the form 

V M D M N m N 
which we can expand to give 

r A D A B ^ B + r A >D A , B ^ B + r A D A B \ B < + r A >D A , B '^ B , 

= r A D A B i) B + ^ A CD AB i) B + h.c 

where C is the charge conjugation matrix, and we have denoted D A , B = D AB . The Dirac 
operator can be written in matrix form 

, sN I D A B D A B ' 

where 

A = al, a — (a, a), a = 1,2, a = 1,2, J=l,---,4 
A' = a'I', a'=(a',a'), I' = 1' , ■ ■ ■ ,4'. 

Thus D A B = D aI . We also note that the property that DJ = JD implies that 

D* B ' = D A B . 

Starting with a G M4 (C) © M4 (C) we write 

Xffi 

€y// 

where Xf G M4 (C) and Y/ G M4 (C) . We further impose the condition of symplectic 
isometry on the first M 4 (C) 

(o- 2 <g> 1) (a) (a 2 <g> 1) = a, a G M 4 (C) 



which reduces M4 (C) to M 2 (H). From the property of commutation of the grading operator 
Gl with M 2 (M) 

[G, X] = 

1 2 

where G^ = \ , reduces the algebra M 2 (H) to IHr©IHIl. Thus we now have 

-1 2 



X 6 \ , I x\ x 2 

a J ' X « = -2 - 



Xf= ! " ' I, *J = ^ 2 _; I EM L 



and similarly for X? G Hr. The anti-linear isometry J is represented by 

1 I ° ## I • v 

J = x complex conjugation 

and satisfies J 2 = 1 and 

In this form 

1 Z' W J 

where the superscript t denotes the transpose matrix. This clearly satisfies the commutation 
relation 

[a, b°] = 

which is simply the statement that the right action and left action commute. In matrix form 
the operator Dp has the sub-matrices [TU] 

n pi - I ° Dal 1 n bl - (n bl Y - n b 

al J 

n ■'■' - I ° Da (i) S i I n b _ f n 6 



where 



and 



d::\ = D° a{l) = \ k 1 . n 1.2. /» 1-2 
! fc* e 



, fc* M 

n b 

1 A;* 



The Yukawa couplings k u , k e , k u , k d are 3x3 matrices in generation space. Notice that 
this structure gives Dirac masses to all the fermions, but Majorana masses only for the 
right-handed neutrinos. This was shown in [H] to be the unique possibility consistent with 
the first order condition on the subalgebra pi). We can summarize all the information about 
the finite space Dirac operator without fluctuations, in the tensorial equation 

{D F )J J = (slSfk™ + Sl&W + 6y 2 k* e + Pjfr) 8}8( 

+ (slSfk™ + 5Xk u + 5 2 y 2 k* d + ftV) 5)5j5j 



where k UR are Yukawa couplings for the right-handed neutrinos. One can also consider the 
special case of lepton and quark unification by equating 

uv _ fctt h e — h d 

rv — rv . rv — rv 

where we expect some simplifications. From the previous discussion, it will be clear that the 
Dirac operator Da including inner fluctuations U = uJu J~ x ,u G li (A) would not obey the 
first order condition. We now proceed to compute the Dirac operator on the product space 
M x F . The initial operator is given by 

D = YD? ® 1 + 75^f 

where 7^-0^ = 7 M (<9 M + \u ab ^ a b) is the Dirac operator on the four dimensional spin man- 
ifold. Then the Dirac operator including inner fluctuations is given by 

D A = D + A {1) + JAftJ- 1 + A {2) 

A(2) = ^a[JA m J-\b] . 

The computation is very involved thus for clarity we shall collect all the details in the 
appendix and only quote the results in what follows. The different components of the 
operator Da are then given by 

Pa) jj = l" (d^SJ - % -g R W« R (a a )l 5j - 8\ (^-gV™ (X^ + ^V/) ) 
(D A ) b a i = -f (d&SJ - \g L W« L (a a ) b a Sj - S b a (± g V? (A ra )J + ^V/) ) 

10 



where the fifteen 4x4 matrices (A m ) 7 are traceless and generate the group SU (4) and W® R , 
Wj? L , V™ are the gauge fields of SU (2) R , SU (2) L , and SU (4) . The requirement that A is 
unimodular implies that 

Tr (A) = 



which gives the condition 



In addition we have 



V lt = 0. 



(Da)*?; = 75 ((*"# + * e #) E/ + (*«# + **#) (tf - S/)) ee TsSg 



(^/ = 75^«A aJ A w ee 75 /J a/feJ 

where the Higgs field 0* is in the (2 R , 2 L , l) of the product gauge group SU (2) R x SU (2) L x 
S 1 ?/ (4), and A^j is in the (2^, 1^,4) representation while E/ is in the (1 R , 1 L , 1 + 15) rep- 
resentation. The field <p b is not an independent field and is given by 

Note that the field E/ decouples (and set to 5}8( ) in the special case when there is lepton 
and quark unification of the couplings 

VM _ uu h e — h d 

rv — rv ; f\i — i\j . 

The important point to notice is the novel phenomena of the appearance of composite Higgs 
field as is apparent in the above formulas where the Higgs field E^ is formed out of the 
products of the fields <fi b h and E/ while the Higgs field H. ■ is made from the product of 
A d jA; r This composite structure is a result of the quadratic dependence of the gauge fields 
A(2) on those appearing in Any The importance of this point should not be underestimated. 
The reason is that the main disadvantage of grand unified theories is the need for complicated 
Higgs representations with arbitrary potentials. In the noncommutative geometric setting, 
this problem is now solved by having minimal representations of the Higgs fields allowing 
for (quadratic) products of these representations. We also note that a very close model to 
the one deduced here is the one considered by Marshak and Mohapatra where the U (1) of 
the left-right model is identified with the B — L symmetry. They proposed the same Higgs 
fields (2^,2^,1), (2 R , 1,4) and (1,1,15) we have, but also in addition the field (1,2^,4). 

11 



However, they assumed that this Higgs fields does not get a vev, and thus does not effect 
the symmetry breaking. Although the broken generators of the SU (4) gauge fields can 
mediate lepto-quark interactions leading to proton decay, it was shown that in all such 
types of models with partial unification, the proton is stable. In addition this type of model 
arises in the first phase of breaking of SO (10) to SU (2) R x SU (2) L x SU (4) and these 
have been extensively studied [I]. The recent work in [18] considers non commutative grand 
unification based on the k = 8 algebra M 4 (H) © M 8 (C) keeping the first order condition. 

IV. THE SPECTRAL ACTION FOR THE SU (2) R x SU (2) L x SU (4) MODEL 

Having determined the Dirac operator acting on the Hilbert space of spinors in terms of 
the gauge fields of SU (2) R x SU (2) L x SU (4) and Higgs fields, some of which are funda- 
mental while others are composite, the next step is to study the dynamics of these fields as 
governed by the spectral action principle. The geometric invariants of the noncommutative 
space are encoded in the spectrum of the Dirac operator Da- The bosonic action is given 

by 

Trace (f(D A /A)) 

where A is some cutoff scale and the function / is restricted to be even and positive. Using 
heat kernel methods the trace can be expressed in terms of Seeley-de Witt coefficients a n : 



Trace /( J D A /A) = ^F 4 _ n A 



v ~ n a 



n=0 

,2 4-1^,0 T?l n2"i 



where the function F is defined by F(u) = f (v) where u = v , thus F(D ) = f (D). We 
define 



oo 

fc-1. 



fk = Jf{v)v' t - 1 dv, k>0 





12 



then 



F{u)udu = 2 f(v)v 3 dv = 2/ 4 








oo oo 


F 2 = F{u)du = 2 f{v)vdv = 2/ 2 



F o = F(0) = /(0) = / 


-an = (-!)" F (B) (0) = 


\-ir(--Yf 



(0) n > 1. 

Using the same notation and formulas as in reference [10J, the first Seeley-de Witt coefficient 

is 



a o = ^ 2 -jd 4 x^/gTr(i) 



' (4) (32) (3) / d'xj-g 



167T 2 

= -jd A x^ 

where the numerical factors come, respectively, from the traces on the Clifford algebra, the 
dimensions of the Hilbert space and number of generations. The second coefficient is 

a 2 = ^Jd'x^gTr (e + ±r) 

where E is a 384 x 384 matrix over Hilbert space of three generations of spinors, whose 
components are derived and listed in the appendix. Taking the various traces we get 

a 2 = Yo^/^v^ ((i?(-96 + 64) - 8 [H aIcK H cKaI + 2E<fE^)) 

= ~J*Xy/g (r + \ (H aIcK H cKaI + 2E^k)) ■ 

It should be understood in the above formula and in what follows, that whenever the matrices 
k u , k u , k e , k d and k UR appear in an action, one must take the trace over generation space. 
The mass terms can be expressed in terms of the fundamental Higgs field to give 

H aIcK H^ = \k^f (A aK A aK ) 2 

and 

SE^SS: = 2 (((*" - k u ) 4>l + (k e - k d ) 4>l) Sf + (k^l + k d ^l) 8f) 

'({k™ - k* u ) 4> a c + {k* e - k* d ) g) Y} K + (k* u r c + F d g) 6' K ) . 

13 



The next coefficient is 



^Jd^VgTr (± (5i? 2 - m\ v + m\ vpa ) i + \ (V + \re + ^J) 



16 

where Vt^ v is the 384 x 384 curvature matrix of the connection u^. Using the expressions 
for the matrices E and Q„ u derived in the appendix, and taking the traces, we get 



04 



1 

2^ 



d A Xy/g 



\cl, P a + ^R*R* + ai {w« uL ) 2 + sk (^%) 2 + a 2 {v™y 



+ V^VE^ + l -V,H aIbJ V»H aIbJ + Ifl [H aIcK H cKaI + 2E??E&) 



rr TjcKbJ 

n aIcK n 



1 t)7T ycX TjaldLy^bJ i ^cKy^bJ yclLy-ia/ 

1~ ^ n dIcK n bJ n 2 ^ AJ ^~ n aI l -'cK n bJ 2 ^ 



dL al cA oj dL 

where C^pg is the Weyl tensor. Thus the bosonic spectral action to second order is given 

by 

5 = F 4 A 4 a + F 2 A 2 a 2 + F a 4 + ■■■ 
which finally gives 



S h 



24 



7T 



F 4 A 4 / <f Xy /g 



- ^F 2 A 2 Jd 4 x^ (r + \ (H aIcK H cKaI + 2E^E 



cK 



f- ^0 / rf 4 x^ 



+ V^fVE^ + l -V,H aIbJ V»H aIbJ + Ifl (H aIcK H cKaI + 2E^E^ 



+- 



n aI'cK n 



cKbJ 



+ m aIcK^bJ H ^ r + ^aJ h cK h bJ h 



-\cK udIdL\-\bJ 

J dL 



dL 



The physical content of this action is a cosmological constant term, the Einstein Hilbert 
term R, a Weyl tensor square term C 2 ff , kinetic terms for the SU (2) R x SU (2) L x SU (4) 
gauge fields, kinetic terms for the composite Higgs fields H ■ and E£j as well as mass 
terms and quartic terms for the Higgs fields. This is a grand unified Pati-Salam type model 
with a completely fixed Higgs structure which we expect to spontaneously break at very 
high energies to the U (1) x SU (2) x SU (3) symmetry of the SM. We also notice that this 
action gives the gauge coupling unification 

9r = 9l = 9- 

A test of this model is to check whether this relation when run using RG equations would 
give values consistent with the values of the gauge couplings for electromagnetic, weak and 



14 



strong interactions at the scale of the Z -boson mass. Having determined the full Dirac 
operators, including fluctuations, we can write all the fermionic interactions including the 
ones with the gauge vectors and Higgs scalars. It is given by 



jd'x^g |^y (d&SJ - l -g R W« R (a*) b a Sj - 8\ (^-gV™ (A"^ + x -gV^ ) t 
+ rail" (D&ti - \91Wfr (a a f a 5j - 5 b a (±gV? {X^i + |<? V/) ) 1> 

+ C/75 ((*•"# + r e g) e/ + (*«*# + r<%) (5/ - E/)) ^ feJ 



6,/ 



6.7 



H-C^75^^A aJ A W V 6J + h.c 



V. TRUNCATION TO THE STANDARD MODEL. 

It is easy to see that this model truncates to the Standard Model. The Higgs field 
= (2r, 2l, 1) must be truncated to the Higgs doublet H by writing 

€ = Sle bc H c . 

The other Higgs field A^ 7 = (2#, 1,4) is truncated to a real singlet scalar field 

*al = fa},/*. 

These then imply the relations 

EjJ = {5\k v e bc H c + <S?#V) Sj6{ + {5\k u e hc H c + 5 2 a k d H^ $<*/# 

9hKr = 9iB„ W% = 

y|^v; 15 = - 9i b, (vX = o 

where V^ 15 is the SU(4) gauge field corresponding to the generator 

A 15 = -^=diag(3,-l,-l,-l) 



15 



11 



which could be identified with the B — L generator. In particular the components (Da)- 
and (-Da) ^ °f the Dirac operator simplify to 

(Da)\1 = r (d» - l -g R W« R (a a )\ - (± g V? (\ m )\ 

{D A )l = r (d» - l -g R W« R {o«)\ - (± g V? {\ m )\ 

i „i S IS 



= r[D II +-g R W3 R -{-gV}^ 2 

= 'f(D li + ig 1 B lt ) 

which are identified with the Dirac operators acting on the right-handed neutrino and right- 
handed electron. Similar substitutions give the action of the Dirac operators on the re- 
maining fermions and give the expected results. We now compute the various terms in the 
spectral action. First for the mass terms we have 



H ai b j HbJaI = \ (&l&\V R Si&i°) (fii%8i6{k~*<r) 



-tr\k UR \ 2 o 2 = -co 2 

4 ' ' 4 



^spcKspal _ 1 

2 aI cK ~ 2 



[5 l a k u e bc H c + 5 2 H b k e ^j 5)5{ + [5\k u e bc H c + 5 2 k d H b ^ S^Sj 



l aHH 
2 



where 



a = tr (k* v k v + k* e k e + 3 (k* u k u + k* d k d )) 
c = tr (k* UR k UR ) 

Next for the a^ term, starting with the gauge kinetic energies we have 

9l (WU) 2 + 9k {K^Y + 9 2 (C) 2 "► 9l (W^ L ) 2 + \g\Bl + g\ [V^f 

where m — 1, • • • ,8 for V™ restricted to the SU(3) gauge group. Next for the Higgs kinetic 
and quartic terms we have 
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1 i2 (H aIcK H cKaI + 2E£E&) -+ ^i? (2aM + ca 2 ) 



12 



IT TjeKbJ 

n aIcK n 



\2 

2 I 

^-da* 



2H aIcK ^H aIdL E b d J L -> 2eif ffa 1 



Collecting all terms we end up with the bosonic action for the Standard Model: 

24 /" 

S b = -F 4 A 4 / d 4 x^ 



-^F 2 A 2 /rf 4 x^ LR + ^aM + ^ca 2 



+ 2^ F °I d4x ^ ^ (" 18C V^ + lli? * E *) + \& B %> + & ( W 2») 3 + 9l (C) 2 
+ ^aRHH + b (HH) 2 + a \V^H a \ 2 + 2eHH a 2 + ^da 4 + ^cRa 2 + -c{d»a) 

where 

b = tr Uk* v Wf + (k* e k e ) 2 + 3 ({k* u k u f + (rt d ) 2 )) 
d = tr ((jfe^jfe"") 2 ) 
e = tr {k* v k v k* VR k UR ) . 

This action completely agrees with the results in reference [TO] . 

VI. THE POTENTIAL AND SYMMETRY BREAKING 

We now study the resulting potential and try to investigate the possible minima: 
F n (\ —-2 



V 



TT TjeKbJ 

n aVcK n 



^0 

2tt 2 V2 

2 fn TjcKal , ovc_ft"\-»i/ 

2^2 \ H aIcK^ + ^ a / L cK 






dL 



dX 



However, the Higgs field here are not fundamental and we have to express the potential 
in terms of the fundamental Higgs fields C , A hK and Ti T K . Expanding the composite Higgs 
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fields in terms of the fundamental ones, we have for the quartic terms 

2 
rjcKbJ Z _ L |i.i/b|4 ( A -A aL A ~A 6X ) 
l aIcK r 



1 i,„„i4 I , srO-L . —r-bK 
= 2 1^1 ( A ^ A A 6L A 



'(r - fc«) 0^ + (A; 6 - A; d ) 0*) E^ + (*"$ + k d ty 6j^ 

\k* u - k* u ) <p d b + (k* e - k* d ) $\ Z L j + (k* u <p d b + k* d ^f) 5] 
\k v - k u ) <p a d + (k e - k d ) 0^ S[ + (fc u 0? + k d (f)fj 5{ 



2H aIcK ^H aIdL ^ J L = 2 |tf*f ( A ai ,A aL A c/ A d/ 



(jfe*" - fc* u ) 0g + (F e - fc* d ) 0g) Ej + (k* u <t>t + fc* d $) <5f ) 
(r - fc") 0* + (F - A; d ) 0>) Si + (k u <p h d + fc d 0>) #) . 



Next we have the mass terms 

TT TjcKal _ \L.v R \2 (a 7\ aK ^ 

n alcK n — \ K I y-^aK 1 ^ 

and 



^Kk = 2 (((*" - fc«) 0< + (A* - A; d ) 0<) Sf + (^0= + *fy?) 8* 
\k* u - k* u ) <p a c + (k* e - k* d ) #) Y} K + (jfe* tt # + &*<%) 8{ 



K 

The potential must be analyzed to determine all the possible minima that breaks the sym- 
metry SU (2) R x SU (2) L x 5C/ (4) . In this respect it is useful to determine whether the 
symmetries of this model break correctly at high energies to the Standard Model. 

Needless to say that it is difficult to determine all allowed vacua of this potential, espe- 
cially since there is dependence of order eight on the fields. It is possible, however, to expand 
this potential around the vacuum that we started with which breaks the gauge symmetry 
directly from SU (2) R x SU (2) L x SU (4) to U (l) cm x SU (3) c . Explicitly, this vacuum is 
given by 

{€ ) = vS'A <E$> = u8[S) (A aJ ) = wSlSy (3) 
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FIG. 1: The scalar potential in some of the A,j/-directions, with all other fields at their SM-vevs 
as in Equation (pi). We have put k u = k e = 1 and k UR = k u = k = 2. With these choices, the 
Standard Model vacuum corresponds to A^ = -4=, S{ = 2, 0j = | and all other fields are zero. At 
this point the Hessian in the A-directions is nonnegative. 

We have included several plots of the scalar potential in the Aaj-directions in Figure [TJ A 
computation of the Hessian in the A-directions shows that the SM-vev is indeed a local 
minimum. 

The first order condition now arises as a vacuum solution of the spectral action as follows. 
We let the A-fields take their vev according to the scalar potential, i.e. A aJ = w5 1 5 1 J . Since 
Aqj is in the (2#, 1^, 4) representation of SU (2) R x SU (2) L x SU (4), this vacuum solution 
is only invariant under the subgroup 

{ (( x l ) , u L , X © A- 1/3 m) : A G U(l),u L G SU(2), u G SU(3)} C SU (2) R xSU (2) L xSU (4) . 

This is the spontaneous symmetry breaking to U{\) x SU{2)l x SU(3) c , thus selecting the 
subalgebra (|2]). Note that unimodularity on 14(A) naturally induces unimodularity of the 
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FIG. 2: The scalar potential in the ^-directions, after the £ and A-fields have acquired their 
SM-vevs as in Equation pi). Again, we have put k v = k e = 1 and k VR = k u = k = 2. 

spectral Standard Model, hence it generates the correct hypercharges for the fermions. 

After the A and E-fields have acquired their vevs, there is a remaining scalar potential 
for the 0-fields, which is depicted in Figure |2j As with the Standard Model Higgs sector, 
the selection of a minimum further breaks the symmetry from U(l) x SU(2)l x SU(3) c to 
£^(l) cm x SU(3) C . The plot on the right in Figure [2] suggests that, instead of the SM-vacuum, 
the vevs of the ^-fields can also be taken of the form 

Let us see which of the gauge fields acquire non-zero mass after spontaneous symmetry 
breaking, by expanding around the Standard Model vacuum 



€ = v8lt\ + Hi 

E T j = uSiS] + M'j 

Kj = w8\8) + N ao 



and keep only terms of up to order 4. First we look at the kinetic term 



V^alhj 



d u H . ■ T 

V albj 



1 9kKr K)a H dhj ~ l^Kn (Oi H alcj 



2 



-gV™ (A m )f H.^:- -gV™ (A m )f H. ri _. 

9 a M v '1 aKbJ P v JJ albK 
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To lowest orders we have 

H albj = ^ R f { W6 1 6 J + N «j) { W6 1 6 I + N l 

= (k*»«) 2 (w 2 5 l a 5 l j5l5) + w5 l a 5 l jN bI + w8\8)N aJ + N aJ N bI ) 
and so 
V,H aIhJ = {k^f w ( Sl6)d,N bI + 8\5}d»N aJ - \g R W; R [a% wS^S] - \g R W« R {a a )\ wS^S] 

"rri /\m\l „,.ricl ci „T/m / \m\l „.,ririrl 



— 2 9K (n>^5l - -gV™ (A™)><^ 
= {k^fw(2 6 1 a S 1 J S 1 b S 1 I d,N 11 + 5 1 a 5 1 J 5l5 1 I d,N 2l + ^^A^ + S^fid^ 
+ Stf Sl&jdpNi. + 8\8) 5l5)d,N 21 + S\8) 8 2 a 8%N 2j - ^W>^jtf) 



6 J 2 M b 
- i ( ^^ + <?\/f vA 515)515} - \gV™ (X m )} wS^fi 
from which it is clear that if we write 

9rKr = 9iB, + gfiK 

9\flvi 5 = -g 1 B, + g[Z' fl 

then the vector B^ will not get a mass term while the fields W^ R , Z' V™ (A" 1 )^ (these are 
the fields in the coset of suisyxuti) ) w *^ a ^ become massive, with mass of order w 2 as can 
be seen from the kinetic term 



S = ^SJJ - ^Wft (at Eg + l^Wft K) \ Eg 



- ^C (A m )f E& + 1^ (A™)^ Ejf . 
To lowest orders we have 



E 



b ai = (((*" - fc u ) ^ + (* e - A; rf ) #) E/ + (V^ + k d ty 8j) 

= ((*" - fc«) (trfjs} + flj) + (k e - k d ) (v5l5 h 2 + Hi)) (u5l5) + Mf) 

+ (k u (v5\5\ + 1**) + k d (v5l5 b 2 + Hj)) Sj 

= v (((*" - k u ) 5\5\ + (k e - k d ) 5l5 h 2 ) u5(5) + (k u 5\5\ + k d 5\5 b 2 ) 5j 

+ ((*" - k u ) H\ + (F - k d ) Hi) u5(5} + (k u H b a + k d Hl) 5j 

+ v ((*" - fc«) *j$ + (F - A; d ) $$*) Mj 
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V„X# = ((*" - fc«) fyfl* + (F - fc d ) d,Hl) u8(8) + (fc^flj + k%H b ) 8j 
+ „ ((r - k u ) 8\8\ + (F - k d ) 8 2 8 b ) d,Mf 

- \vg R W« R (a a ) c a (((*" - fc«) 8\8\ + (k e - A; rf ) 8 2 8 b ) u8(8} + (p<5^ + k d 8 2 8 b 2 ) Sj 
+ \vg L W« L (a a ) b c (((*" - P) rfjrff + (F - P) ^) «#*] + (k u 8\8{ + k d 8 2 8<) Sj 



i 



- ^vgV™ (X m )f (((*" - k u ) 8\8\ + (k e - k d ) 8 2 a 8 b 2 ) u8(8 l K + [k%8\ + k d 8 2 a 8 b 2 ) 8 J K 
+ \ff»V? (X m ) J K (((*" - k u ) 8\8\ + (k e - k d ) 8 2 a 8 h 2 ) u8«8) + (k u 8\8\ + k d 8 2 a 8 b 2 ) 8? 
For simplicity we will set u — 1. Isolating the gauge dependent part 

V„Eg d ^ ((/aWJr - 9lWI l ) ¥ 

V,Y}^- l -vgV™{\ m )){k»-k u ) 
V M EJJ D -^ (^^ - ^^\) fc-i? 
V,Eg d l v (^wJr - g L W* L ) k d 8\ 

^,K^- l o v ^ R w; R -g L w; L )k v 



i 

2 



v^;d-%(^^-^^+)^ 



V„5£ D 0. 

Noticing that gnW^ R — giW^L = {diB^ — 9lW^ l ) + gi^f, shows that the Z^ vector gets 
a mass of order of the weak scale gv while the W R and Z' will get a small correction to 
its mass of order gw. Thus we get the correct gauge breaking pattern with the gauge fields 
W^l an d Z of the Standard model having masses of the order of the electroweak scale. It 
is important, however, to see explicitly that the mixing between the Z and Z' vectors and 
W^, W r are suppressed. 

It remains to minimize the potential to determine all possible minima as well as studying 
the unified model and check whether it allows for unification of coupling constants 

9r = 9l = g 

in addition to determining the top quark mass and Higgs mass. Obviously, this model 
deserves careful analysis, which will be the subject of future work. 
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We conclude that the study of noncommutative spaces based on a product of a continuous 
four dimensional manifold times a finite space of XO-dimension 6, without the first order 
condition gives rise to almost unique possibility in the form of a Pati-Salam type model. 
This provides a setting for unification avoiding the desert and which goes beyond the SM. 
In addition one of the vacua of the Higgs fields gives rise at low energies to a Dirac oper- 
ator satisfying the first order condition. In this way, the first order condition arises as a 
spontaneously broken phase of higher symmetry and is not imposed from outside. 

VII. APPENDIX: DETAILED CALCULATIONS FOR THE PRACTITIONER 

For the benefit of the reader, we shall present in this appendix a detailed derivation of the 
Dirac operator and the spectral action for the noncommutative space on Hr © Hj, © M 4 (C) . 
For Ar\\ we have the definition 



(Ad)m =£<&[a&] 

where 



n N 



x'm o 

€>Y'/ 



which in terms of components give 



;<7 (i^ixg - x*< 



£--'- 



where we use the notation for b^ to be the same as that of a^ without primes (i.e. X' — > X, 
Y' — ¥ Y). Since D aI is non vanishing when connecting a dotted index a to a, we have the 
non-vanishing components 



(Ad)" = £^K^-^ 

= <W (E^C ((4*?*" + 5 2 a 5 d 2 k e ) Xi)-X* (4$**" + 5 2 / 2 k 
= S}5{ (*"# + k^l) + S\5j5l (k u J> b a + k d ty 
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where 



a / j a 1 a c 1 

? = Yx' 2 X b 2 -X' c X 2 5 b 2 . 

a / j a ■£ a c £ 



We can check that 



For example 



\ = r 2 (j) a T 2 . 



= 02 

using the quaternionic property of the X. Note that fe is in the (2r, 2^, 1) representation of 
SU(2) R x SU(2) L x SU(4). 
Similarly we have 

A bJ = ( A al 



aI \ ~ ~bJ 

(In reality one obtains an expression for A^j in terms of <fi' b which is expressed in terms of 
the X, but the hermiticity of the Dirac operator forces the above relation and imposes a 
constraint on the X. ) 
Next we have 

'ji 

'SL 






where 



A a J ' = J2(xW-X«Xl5(;)=A aJ 

which is in the (2 R , 1 L ,4) representation of SU(2) R x SU(2) L x SU (4) . Again, we can 
compute A^tp, which gives a similar expression, but using hermiticity we write 

A"j r = (A^y = k^: f 6(A b p. 
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In the conjugate space we have 

(A^y j ' - Vr; 7 '^' fn s ' L ' h 0,JI - h s ' L ' n plJI 

E V ,K> ( p.P'V V J> V L> p.P'J' \ 
1 V {^a'K' 1 V ~ 1 K' LJ ol'v) ■ 



The only non-vanishing expression would involve a D with mixed a 1 and b 

,b'j' 



= Y/'f ((«' (s^r + spzr) + «x' (sffir + sp^)) Y * 



where 

U V — 2-^i v v ~ I' K'°V ■ 

Notice that if k v = k u and k e = k d which is consistent with the picture of having the lepton 
number as the fourth color then E/ will decouple. We also have 

iAwffr = (((*")' - (* u )') €4 + ((*■)* - M') «4) *# 

which implies by the hermiticity of 

Ab'J' _ ( Aa'l'Y 

that 

e/=(e/)- 

and thus belong to the 1 + 15 representation of SU(4). There is no indication that the 
singlet which is equal to the trace Ej should be absent as there is no apparent identity that 
equates this trace to zero. In this case we can write 

E/ = E/ + ^/E, E = E{, Ej = 0. 

Thus at first order we have the Higgs fields <p b a and A^j. In addition if the Yukawa 
couplings of the leptons are different from the corresponding quarks (and thus requiring the 
breaking of the lepton number as the fourth color) then an additional Higgs field E/ is also 
generated. 
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Next it is straightforward to evaluate various components of JA^J l which are given 

by 

{jaj-') b a = aI 

{jaj^) b ; = a b a> 

{JAJ-^ = A B A 
(JAJ-X = A B A \ 

In particular 

(r - k u ) 8\8\ + (f - k d ) %%) E/ 



(ja (1) j-)-' = p (1) )^, 



f*^a 6 , 



r«A 



67" 



We now evaluate 



(A2))M = E a M[^(D^ 1 ! fo ]; 



First we have 



(42>)£ = D# ((^W" 1 )^ - «& (JAd^JK 



=E< 7 ((^(i)^ i ):^f-^(^(D^ 1 ) 

Thus 



<57 



'dJ 



= 5>i c (((*" - r ) ^ + (^ e - ^ d ) &i) x b d - 

'(*" - fc«) 0* + (F - A; d ) $) E/. 
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Similarly (A( 2 )) 7 is the Hermitian conjugate of (A( 2 )) bI ■ Next we have 

Mi* = J2 x « {yA m j-i^'Yi;-xi (JA (1) J-%^ 

= ^A a J 'A b ' , 
= k*»*A aJ A bI . 

Collecting all terms we get 

(D A ) aI bJ = (siftkT + 6 2 a 6 b k e ) 6}6( + (5\8\k u + 6 2 a 6 b k d ) 6}6J6j 
+ 6}6{ (V^ + k e ty + 6}6J6j (k u 4>\ + k d ty 
+ ((r - k u ) Sffi + (k e - k d ) 6 2 a 6 b 2 ) E/ 

+ ((r - k u ) ^ + (k e - k d ) $) e/ 

= (*" (<M + #) + k e (s 2 A + %)) OM + s/) 

The other non-vanishing term is 

(^)f/' = fc«* (*$## + 8\5}A a ' + 616*7? , + A a ' A 6 ' ,) 
= F-(^; + A a ^)(^ 7 + A 6 ' / ) 
ee r- (<^ + A aJ ) {616} + A w ) 

All other non- vanishing terms are related to the above two by Hermitian conjugation. 

Note that D bJ T gives, after spontaneous breaking, the Dirac masses while D b ^ gives the 
Majorana masses. The Higgs fields are composite, the fundamental ones being of similar 
form to those formed from the fermion bilinears. 

It is possible to absorb the constant terms (vacuum expectation values) by redefining the 
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fields 

s]s\ + € -> € 

W + A aJ -► A aJ 
5)5( + Sf ->■ £/ 

so that when the potential of the spectral action is minimized one will get 

{€) = *£ 

(^aj) = SIS) 

<E/> = 5}5(. 

Thus 

&a)% = 75 ((*"# + fc e $) S/ + (*«# + k d %) {8j - £/)) ee 7B Sg 

(^) ■/' = 7 5 F-A aJ A 6/ ee 75 iJ a/w 

and the fundamental Higgs fields are (2^,2^,1), (2 R , It, 4), (1 R , 1 L , 1 + 15) . The last of 
which £/ drops out in the case when we take the lepton and quark Yukawa couplings to be 
identical. This is a realistic possibility and has the advantage that the Higgs sector becomes 
minimal. 

The full Dirac operator on the product space M x F is 



This gives the gauge fields 
and in particular 



{D A )= 1 »D ll ®l + lb D F . 



*£ = y£*wc?# 



K = i"Y. x a^ x lsi 

= 7^(-^ R ^K)^/ 

which is the gauge field of SU (2) R . Notice that W^ R are SU (2) R and not U (2) gauge fields 
because X' c d ll X b depend on quaternionic elements. Similarly 

Ki = rJ2 x * d » x c sJ i 



% 



\b :J 



~"[— 2 9LW« L ){a«y a 8i 
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where the W£ L are SU (2) L gauge fields. In the conjugate sector we have 

aPJ' - //Vy*'a y j ' 



where V™ and V^ are the U (4) gauge fields. This implies that 



(jaj- 1 )" = -rs b a (igv? (a™); + i^v/) 

where X m are the generators of the group SU (4) satisfying Tr (A m ) = 0. We deduce that we 
get new contributions to 

(Da) % = Y (d&S* - \g R W« R (er°) \ Sf - 5 b a (igV? (A™),' + ^ V/) ) 
(D A ) b a i = Y (d&SJ - \ 9 lW« l {a-) b a 5j - S b a (±gV? (A m ); + IgV^Jj . 

The requirement that A is unimodular implies that 

Tr (A) = 

which gives the condition 

and thus the gauge group of this space is 

SU(2) R xSU(2) L x SU(4). 
Summarizing, we have 

(AOJJ = Y (dA&j - \g R w« R coi tf - A i^K (n'i) ) ® la 

(D A ti = Y (d&SJ - \g L W; L {a«) h Jj - S b a (i gV f ( A ™)^ ® 1 3 

(A0£ = 75 ((*"# + fc e $) E/ + (*«# + tf%) (tf - E/)) ee 7b eJJ 
{DAtf = lsk*»«A aJ A bI ee l5 H aIbJ 
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where I3 is for generations and 



D, = d, + -< (e) lcd 



and other components are related to the ones above by 



D" = D B 



»B' 



.v - xy j D A , — D A , D A — D A t. 



iB' 



T« 



We now proceed to calculate (-D^) • The first step is to expand D 2 into the form 

(D A ) 2 = -(g^d,d„ + A^ + B) 
and from this extract the connection 00^ 

\2 



(^ 



(<T V M V„ + £) 



(4) 



where 



This gives 



V^ = <9 M + uy 



W;i = -^(/ + r) 



E = B-g^ [d^ v + c^uv - r^w p ) 



n 



//;/ 



d^u u -d u u^ + [u^u 



1X1 M v\ 



where T u = g pa T u and T p is the Christoffel connection of the metric g^ v . We now proceed 
to evaluate the various components of D 2 : 



{(Da) 2 )" = &*)% (Da)1 J k + (Da) c « (D A ) 



<:K 



y^cKy^bJ 



1" D,5 c a 5f - -g L W« L {o»YJf + 51 -gV™ (\ m )j 



tbxJ % „ jura („a\b x J , xb ' l 



+ 



V ( DXK - - 2 9lW? l (a a )° c S J K + 5 b c I -gV? (X m ) K 



^2\ bJ 



((Da^Z = (Da)Ti (Da)? k + (D A )f T (D A ) b c J K + {D A yJ (D A ) b / K , 

__ tt TjcKbJ , \^cK\^bJ 

— n aIcK n "T ?->aI n cK 



-f D,m - ^9rW« r (a«) c a Sf + 51 -gV™ (X m )j 



+ 



Y [ D U 5\5 J K - -g R W? R (a<*)° c 5 J K + 5 b [ -gV™ (X m ) K 



\bxJ l „ TJi/a 1 „<x\b X ,J , xb ' % 
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(&*)% = ( D ^ (D A ) b c J K + {p A y% (D AJcK 

= TtfVg (d$6 j k - l -g L W; L (a a ) b c S J K + 5 b c (^-gV™ (\ m )" R 
~ 757^ (d&S? - l -g R W; R [p")i6« + 8 c a (±gV? (A m )*)) Eg 



Vt^E" 



where the covariant derivative V M £ 6 j is taken with respect to the gauge group SU (2) R x 
SU (2) L x SU (4) . We also have 

((DAf)l? = (D A )Z(D A )it + (D A )i?(D A i^ 

= 7^75 (n^Sf - l -g R W« R (a»y a S? + 51 (^-gV™ (A m )*)) H cKhJ 



- l^H aIcK [D,5\5i - -g R W« R {a«) b c S J K + 5\ t^-gV™ (\m) J K 
= 7^7 5 V^ a/feJ 
where the covariant derivative now will be with respect to SU (2) R x SU (4). Next we have 



TT SpcK 

n aI'cK^bJ 



and finally 



({D A ) 2 YJ = {D A )% (D A ) 



vK 



spcK TT 

~ ^al n cKbJ- 

We then list the entries of the matrices (w At ) M , (E) M which are deduced from the form of 
the operator (D A ) . First we have 

M"ai = ( (\< (e) 7cd) W - ^lW£ (OS 5/ - ^ (A m ) 7 J # 

K) t J = ( (\< ( e ) 7c) W - ^*w£ (OJ 5/ - i^ (A m ) 7 J ) ® 1 3 

This in turn implies that the components of the curvature 
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are given by 



(,' LtLv) aI 



v-B' 



\K£n<*) W ~ \9lW« uL (a a ) b a Sj - % -gV™ (\ m )i S b a )®h 
l^lcd) %8j - l -g R W« uR (a a f a Sj - l -gV™ {X m )i 8\)®U 



PWl- 



Comparing with equation Q we deduce that 

" (<i = ((Wji + W" (-^9lW« uL {o«) h jl - l -gV™ {\ m )U b a 



lal 

■JjJ 



t)Z { [ \RStSJ + ^(-L R W^ R (^)lSf-lgV^(n J ji 



4 a l 2 



zjcKbJ i s^cKsr^bJ 



- {E)Z = 7 ^75 V^ 



\b J 



-Wit =7 M 7 5 V,F 



albj 



pxfe'J' 
- h )al 

pxb'j' 



TT T^cK 

n aIcK l -'bJ 
^0,1 n cKbJ- 



1 3 + E^E^ 



Evaluating the various traces of the 384 x 384 matrices on spinor and generation space, we 
get 

Tr (E) = tr (e£ + E%) = tr (e\ + E 



Next 



R (2) (4) + HlfHf K 



R (2) (4) + H aIcK H 



cKal 



-tr (Ef)Z = 4 [| 
-tr (£)£ = 4 ' 3 

-^Tr (£) = 4 ( 12/? + H aIcK H cKal + 2EgE& ) . 






-.2 \-M 



Tr K,): = 2Tr (<£,) 



2 ^ 

A 
di 



2Tr <ny:; + K„):; 
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,2 \ aI 



—•cd _, \ xbxJ „ MT& /„a\6 jJ „l/m/\my cd 



Tr KX = Tr z<^ w - 9^^^ to: # - ^c ( Am )' 5 ' ® is 



-^U (4) (2) (3) - \g\ {W« vL ) 2 (4) (2) (3) - \g 2 {V™) 2 (3) (2) (2) 



4' 



>2 \<* J 



3i?^-6yl(^ L ) 2 -3/(y-)' 

1 



-3i?^ ff - Ggl (W« uR ) 2 - 3g 2 {V$f 
Therefore 



, M 



Tr (nj„)^ = 24 -Rl^-gl(W«„ L y- g l(W« uR y- 9 *(V-y 



Next we compute 






and listing the components of this matrix we get 

( Z?2\ bJ _ rpcK rpbj rpcK rpbj , rpc K' rpbj 

(rp2\bJ _ rpcKrpbJ , rpcK rpbj , rpc' K' rpbj , rpc k' rpbj 

Collecting terms and tracing we obtain for the right-handed components 



tr {E 2 )^ = tr { ( 7 " 75 V M E^ 75 V.Eg) + fr>y B V lt H ilhj >f>y B V v H 



albj\ 



+ 



a r^i + \-r ( -\9rwz,r K) • si - \gvz (ni $1 ) h 



cKbJ I x^cKs^bJ 



+ H aIcK H + ^al h cK 



"r J^-hlcK^bJ n 



cK jjaldL^pbJ 
dL 



\ (-2) {-\sk (W« uR ) 2 (2) (4) (3) - \g 2 {V^f (2) (2) (3)) + ±R 2 (2) (4) (3) 
l -R (H aIcK H cKaI + E£E&) + V^H^WH*™ + V M E*fVE& 



i it \-*cK TjdldLs^bJ 

+ tL hliK 1 -bJ H h ; r - r 



dL 

.2 



rr TjcKbJ , y^cKy^bJ 

n aIcK n "T ^j -^cftf 



3 ^ (W^) 2 + S 2 te) 2 ) + |^ 2 + V M tf a/6J V^ w + V M ESfVEg+ 



1 
2 



r> i U TjcKdl i v'cA'y-ia/ \ i U v'C-ft" TjaldLs^bJ 

+ -K [ n aIcK n + 2, a/ 2, cK I + H hIbK l^ bJ ti 2, 



dL 



rr TjcKbJ , \^cK\^b.J 

n aIcK n "T ^a/ ^ C L^ 
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and for the left-handed components 



tr (E^ = tr { ( (^ a 5j + \r ("k^ (OS*/ - >™ (A m tf) tf) la + e£e£ 



+n^,Kil v l^^f K + KiH 



cKbJ 



2) (-^1 (W« L ) 2 (2) (4) (3) - \g\ (V™f (2) (2) (3)) + ^R 2 (2) (4) (3) 



+ 1 -RZ c JZ?k + V^VEg. + E^E£e£e£ + £^ 



a/ c/W 



2^1 (W« L ) 2 + g\ K) 2 ) + ^ 2 + V^VEg. 



+ 2 iH w E S + E^E£E#E£ + 



spcK TT 

^al n cKbJ 



Collecting all terms we finally get 

itr (E 2 ) = 4 [3 (g\ (W« uL f + g 2 (V™) 2 + g\ (W« uR f + R'- 



2V / ,EJ*VE& + V»H aIbJ V»H aIbJ + -R (H aIcK H cKaI + 2Tt*T& 



+2E^E&E#2# + 4H aIcK X c «H aIdL X»? T + 



<cK jjdldLspbJ 
dL 



TT TT 

n aIcK n 



cKbJ 



The first two Seely-de Witt coefficients are, first for a 

1 



«o 



167T 2 

1 
16^2 



(Pxy/gTril) 



24 



7T Z 



(4) (32) (3) / d 4 x^g~ 
d^Xyfg 



then for a<i : 



cKs^dl 
cK 



= iL~*J d * x ^ ( (jR(_96 + 64) ~ 8 ( H ^ HcKai + 2s ^ s 

= -^j d ' x V9 (r+\ (H aIcK H cKaI + 2TfiZ& 
With all the above information we can now compute the Seeley-de Witt coefficient a^ : 



a.\ 



-^— [d 4 x^Tr (— (5R 2 - 2R 2 + 2i? 2 ) 1 + - ( E 2 + -RE + -Q 
16n 2 J Vy V360 V ^ » upffJ 2 V 3 6 
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and where we have omitted the surface terms. Thus 

I Tr (e 2 + -RE + -Q 2 ) 
2 V 3 6 M 7 

= 4 [3 (gl (W« uL ) 2 + g 2 (V™) 2 + g\ (W« vR ) 2 + R 2 ) + 2V / .EJ*VE?£ 

+ V,H aIbJ V»H aIbJ + ^i? (H aIcK H cKaI + 2E£E&) 

■ 2 

rr TjcKbJ 

n aIcK n 



cK 



+ AH aIcK ^H aIdL ^ L + 2EJ*E£E#E! 
^i? (l2i? + H aIcK H cKaI + 2E^E^) 



h pUpa 



p2 

-^pupa 



-R 2 + 2g\ {W« vL ) 2 + 2<£ (W^) 2 + 2/ (V™) : 



+ 2V„E3 f V"E& + V,H aIbJ V»H aIbJ + l -R (hJ aIcK H cKaI + 2E?*E&) 

. • 2 . ■ . ■ 

tiaIcK H + ^ H aIcK^bJ H ^ dL + 2 ^a/ h cK h bJ h d 



Collecting terms we get 

" ■ " 2^ /^v^ ^ (5i? 2 - 8^ - 7i?^) + ^ (W^ L ) 2 + g 2 R (W« uR ) 2 + g 2 {V$) 



V^VES + ^ V„H aIbJ WH aIbJ + Ifl (tf a/ci ^ a/ + E^E^ + fljf fl£ 

1 . ■ 2 . . • " 

tt TjcKbJ 1 tifT \r^cK TjaldLy^bJ 1 v-'c^'v^ y^dLy^al 

n kIcK n + zn aIcK 2 -'bJ n dL aI ^K M dL 



Using the identities 



p2 



R pu 



1 



o/i2 , p2 p* 75* 

^/xi/p<x + Q-" ~ ti ti 



' pupa ~ q 



1 



where iTiT = |e^e a/375 i^i?^ 
— [5R — 8R,,,, — 7R, ,,,„-) = R — I > 

on V pf pupa J oq I 

Q 



i~i1 1 L p2 p* p* 



•\ . ± c i 



3 3/30 ^ pu 



-4 - 14) + t^R*R* (4 + 7) 



Then a^ simplifies to 



u /nr2 1 p* p* 

~^,,,, n „ H ti tt 

5 ^ pCT 30 



«4 = 2^/^v^ -§<£,„ + ^iT + <?£ (W« uL ) 2 + g\ (W« uR ) 2 + g 2 (V™f 

+ V^VEg. + l -V,H aIbJ V»H aIbJ + li2 (H aIcK H cKaI + 2E£E&) 



+- 



. • 2 ..• . ■ 

tt TTcKbJ , <)rr \*cK TjaldLy^bJ , y-icftTy fcj y^dLy^al 

n hIbK n + Z ' n kIcK n h j n 2 -' dL ~l~ U al ^cK^bJ 2 - 1 ^ 
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At this point, it will be useful to write explicitly all the fermionic interactions obtained 
by substituting the full Dirac operator, including fluctuations. This will give the fermionic 
kinetic terms, the gauge vectors couplings, and the Higgs scalars terms. We give first the 
non-Majorana type terms 

r aI (D A ) aI " J ri> PJ = r aI (D A ) aI bJ i> bJ + r aI (D A ) aI bJ Aj 



b.i 

Substituting the evaluated values of Da, we get 



+rai(D A ) aI bj ip hT +r a i(D A ) aI bj ip b j 



+ €/7 M (d^SJ - l -g L W« L (a a ) b a 8j - 5 b a (± g V? (A m )J + ^ V/) ) ^ 
+ {^75 ((*"# + fc«#) E/ + (*"# + k d ty (8j - £/)) Vw + h.c] 



These can be expanded further into quarks and leptons terms by allowing I — l,i and 
J = 1, j where i,j are SU (3) color indices and the 1 to leptonic index. Next, we have the 
Majorana type terms 

= cr aI i^^ aJ A bI r bJ 



r a >r(D A )J J ^j = r afr (D A ) a/l bJ ^ b 



Wvlsk"* A aJ A 6 V 



b.i 



We summarize, the full fermionic interactions are given by 

jd'x^g |^y (d&SJ - \g R W; R (a a ) b a 8j - 8 h a (^-gV™ (X^j + \gVJj} ) ^ bJ 

+ raiY (dXsj - \g L w« L (a a f a 8j - 8 b a (±gv? (\ m ) J j + \gvji) ) 1*j 

+ C75 ((*"# + fc e ? d ) E/ + (*«# + k d ft a ) $ - E/)) ^ bJ 

+ €/75 ((*•"# + fc^) e/ + (*«*# + r<%) (5/ - E/)) ^ feJ 



+C^75^- A aJ A bI ^ bJ + h.c 
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